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ANALYSIS OF THE HYDRODYNAMIC INTERACTION BETWEEN 

CASCADES OF THIN PROFILES TAKING ACCOUNT OF VORTEX 

WAKE EVOLUTION 

Ro L .  K u l y a e v  UDC 532.582.2 

The papers  [1-5] a re  devoted to an invest igat ion of aspects  of the hydrodynamic  in terac t ion  of 
cascades  of prof i les  in a nonl inear  formulat ion:  it is shown exper imen ta l ly  in [1] and theo re t i -  
cally in [2] that the f ree  vor t ex  sheet  rup tures  upon meet ing a profile;  taking account of the evo-  
lution of vor tex  Wakes, the flows around two cascades  of solid prof i les  of inf ini tes imal  [3] and 
finite [4] density a r e  computed; r e su l t s  of an exper imenta l  invest igat ion of the dynamic reac t ions  
of the flow on two mutual ly moving cascades  of thin prof i les  are  p resen ted  in [5]. The i n t e r f e r -  
ence between two cascades  of thin prof i les  in an inviscid,  i ncompres s ib l e  fluid flow is examined 
in this paper ,  where  a modified method f r o m  [6] is used. 

w 1. Undetaehed flow around two cascades  of thin p rof i l es  by an inviscid incompress ib l e  fluid is cons idered  
in the plane of the x, y Car tes ian  coord ina tes .  The y axis is d i rected along the front  of the cascades .  The 
left  cascade  is  a ssumed  fixed, while the right cascade  moves  along the y axis at the veloci ty  u = const .  The flow 
outside the prof i les  and their  shed vor tex  wakes are  assumed potential ,  the cascade  spacings are identical ,  the 
prof i les  a re  r igid,  and the influence of the wake and prof i le  th icknesses  is  negligible.  

Under  the assumpt ions  made ,  the flow velocity V = (V x, Vy) sa t i s f i es  the equations 

the per iod ic i ty  condition 

div V = 0 ,  rot V = 0, (x, y) g~ L; (1.1) 

V ( x , u §  t)=V(x, y,t) 

and the following boundary conditions: 

nonpenetrat ion of the fluid through the prof i le  of the cascades  

(1.2) 
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. ........ 

Fig. 1 

Y.v -~ 6h~u.v, (x, y) ~ Lph, k ---- i ,  2; 

nonpene t ra t ion  of  the fluid th rough  the vo r t ex  wakes  

(1.3) 

V.v = V~.v, (x, y) ~ Lw; (1.4) 

cont inui ty  of the p r e s s u r e  dur ing  p a s s a g e  through the wake 

[p] = 0, (x, g) ~ L~; (L5) 

cont inui ty  of the p r e s s u r e  at the t ra i l ing  edges  of the p ro f i l e s  ( K u t t a - Z h u k o v s k i i  condition) 

[ p ] - ~ 0 ,  (x, g)--~(x~, y~), (x, y ) ~  Lp, (x~, g~)EEp; (1.6) 

damping of the p e r t u r b e d  f low veloc i ty  inf ini te ly  f a r  in f ront  of  the c a s c a d e s  

lira V(x, y, t ) =  V I. (1.7) 
x ~ - - c r  

Here  t is  the t ime;  h is the c a s c a d e  spacing;  Lpi and Lp2 a re  the con tou r s  of the fixed and mobi le  c a s c a d e s ,  
r e s p e c t i v e l y  (Fig. 1); Lp = Lpl + Lp2; L w = Lwl + Lw2; Lwl and Lw2 a r e  the con tours  of  the vor tex  wakes 
shed f r o m  Lpl and Lp2 , r e spec t ive ly ;  L = Lp + L w ;  u is the unit n o r m a l  to L; u = (0, u); 5k2 is the K r o n e e k e r  
delta; Vw is the d i sp l a c e m e n t  ve loc i ty  of  the line Lw; p is the h y d r o d y n a m i c  p r e s s u r e ;  Ep is the se t  of p rof i le  
t ra i l ing  edges;  and V l = (Vix , Viy ) = const .  

At the init ial  ins tan t  it is a s sumed  that the re  a re  no vor tex  wakes and the c a s c a d e  conf igura t ion  is  given:  

Lr~=o =: Lj, It=o L~o. ~1.8) 

The p r o b l e m  (1ol)-(1.8) is non l inear ,  s ince  the con tour  Lw(t) is not known in advance .  
~ 

w 2. Let  k be some  prof i le  of the k - t h  c a s c a d e ,  se lec ted  as  the ini t ial  c a scade ;  let Lwk be the con tour  
of the wake shed f r o m  L~k (k = 1, 2). Le t  us in t roduce  the quant i ty  v = (v x, Vy) by m e a n s  of the equal i ty  

(s, t) =--Vl-:-. ~1 .i 7 ((L t) (l =- cth ~-~-[~(s , t ) -~(o, t ) l}do,  
L o  

(2.1) 

�9 0 0 + 0 + 8 + 0 where  V = Vx-iVy; Vt = u  s,  (~ is the a rc  a b s c i s s a ,  L = Lp/ Lp2 L~a Lw2; -y is the vo r t ex  l a y e r  
in tensi ty ,  ~ = ~ + i T is a c o m p l e x  coord ina te  of a point  of the con tour  L ~ and the in teg ra l  is unders tood  in the 
Cauchy p r inc ipa l  va lue  s ense .  Taking  account  of (2.1), the p r o b l e m  (1.1)-(1.8) r e d u c e s ,  by  analogy with [6], to 
a p r o b l e m  in the funct ion 7 on the con tou r  L ~ and in the funct ion ~ on the contour  L~v = L~v 1 + LO,2~ It is  hence  
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assumed that each point of an a rb i t r a ry  element (o-'(t), o- "(t)) of the contour LOw moves at the velocity v, and 
the total vortex intensity on the element remains  unchanged: 

o"(t)  

.!" 7 ((~, t) d(~ = const. (2~ 
c~'(1) 

Then the intensity of the f ree  vort ices  shed f rom the contour L~ = I~pl + L~2 is expressed by the formula  

7 (l, t) 

l 

i d f (2.3) 
w (l , t)  dt V (~, t) da, 

0 

where l is the length of the contour L~k; cr is measured  f rom the profile leading edge; w is the relative veloc- 
ity of free vor t ices  being shed f rom the profile determined by the equality 

w(s, t) = Re{vO~/Os} --5k2uO,1/Os, k = t ,  2. 

Taking account of (2.1), condition (1o3) becomes 

(2.4) 

Im{vO~/Os} = --5k2uO~/Os, k = 1, 2. (2.5) 

The initial condition can be written as 

LoI =o L%o o = ~ L p o .  (2.6) 

Let us note that compliance with the boundary conditions (1.3), (1.4) and (1o5), (1.6) follows, respect ively,  f rom 
(2.5), (2.1) and (2.2), (2.3), and (2.4), but (1.1) and the conditions (1.2), (1.7) are  automatically satisfied because 
of replacement  of the contour L ~ by a vortex layer.  Starting f rom this, let us henceforth consider  the problem 
(2.1)-(2.6) of motion of the vortex layer  L ~ 

w The algori thm in [6] is used for  the numerica l  solution of the problem (2.1)-(2.6). This algori thm is 
based on linearizing the problem in a small  neighborhood of each time and approximating the vortex l ayer  by a 
sys tem of discrete  vor t ices .  In addition, the following fac tors  are taken into account in the algorithm. 

Selection of the Time Spacing At. The spacing At in [6] satisfies the condition 

At = Z/(wN), (3.1) 

where N is the number  of vor t ices  per  profile.  Condition (3.1) assures  the uniformity of the vortex distribution 
in the neighborhood of the profile trail ing edge. In the problem under considerat ion the spacing At is given as 
constant beforehand, since condition (3.1) cannot be satisfied simultaneously in both cascades~ The selection 
of the constant At resul ts  in some e r r o r  in the determination of the vortex intensity on the profile and its shed 
free vortex. 

A numerical  investigation of the factors  on which the magnitude of these e r r o r s  depends would result  in 
the following. In the neighborhood of the profi le trailing edge the relative e r r o r  ~y in determining the vortex 
intensity depends for N >_ 20 on just  the dimensionless pa r ame te r  ~r = I/(wNAt) and the vor tex number ,  in p r ac -  
tice. This e r r o r  should not be neglected if T ~ 1. Fo r  example, for r = 1/4; 1/2; 1; 2; 6 the quantity ey for  
a free vortex has the respect ive values -0 .63 ;  -0 .28 ;  0.00; 0.18; 0.36. In conformity with this, the vortex in- 
tensity at each time is calculated formal ly  by the method in [6] at the beginning by ignoring condition (3.1). 
Then the pa rame te r  T and its corresponding quantity eT are determined and the e r r o r s  are eliminated. 

of the Second Cascade Lp2 through the Wake Lwl f rom the F i r s t  Cascade.  It has been shown Passage 
expert--mentally in [1] and theoret ical ly in [2] that the ends of the par ts  of the vortex wake slit  by the profile 
diverge. Then the intensity of the free vort ices  at contiguous points of the wake and the profile should be zero 
(otherwise, the velocity of the motion of these points turns out to be infinite, which has no physical meaning). 
Hence, sections of the wake Lwl located in a small neighborhood of the cascade profile Lp2 can be neglected 
because of the low intensity of the free vort ices in these sections.  Now, the method in [6] can be used to solve 
the problem by taking into account that the sys tem of discrete  vort ices yields a sa t i s fac tory  approximation to 
the velocity field of the vortex l ayer  only at a sufficient distance away. In conformity with this, the d i scre te  
vor t ices  modeling the wake Lwl are  not permit ted  to approach the profiles of the cascade Lp2 to a distance less than 
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~ t l / N .  The p a r a m e t e r  ~ is s e l ec t ed  f r o m  a n u m e r i c a l  e x p e r i m e n t  in such a way that the hyd rodynam ic  r e a c -  
t ions of  the s t r e a m  on the p rof i l e  L~2 were  ca lcu la ted  with m i n i m u m  e r r o r  (usually 1 -< ~ -< 2). The e r r o r s  
ment ioned  a r e  min ima l  if the r e s u l t s  of  a dupl icate  computa t ion  of  the p r o b l e m  with twice the n u m b e r  of v o r -  
t ices  on the p ro f i l e s  of both c a s c a d e s  and with hal f  the t ime spac ing  are  s i m i l a r  to those obtained initially~ 
Fa i l u r e  of  the p r o c e d u r e  d e s c r i b e d  above (which c o r r e s p o n d s  to the value ~ = 0) o r d i n a r i l y  r e s u l t s  in p a s s a g e  
of the f r e e  v o r t i c e s  through the p rof i l e  L~2o 

Resu l t s  of a computa t ion  of the i n t e r f e r e n c e  between c a s c a d e s  are  p r e s e n t e d  fo r  two c a s e s  as an i l l u s -  
t ra t ion .  Common  to both is the fac t  that  the con tour s  I~pl and L~2 a re  r e c t i l i n e a r ,  and the p rof i l e  cho rds  co in-  
c ide with the c a s c a d e  spac ing  b 1 = b 2 = h (Fig.  1)o The p r o b l e m  is cons ide red  in both the nons t a t iona ry  f o r m u l a -  
tion (2ol)-(2.6) and in the q u a s i s t a t i o n a r y  fo rmula t ion  {without taking account  of vor tex  wakes) .  The  quan t ibes  
Puk and Pqk denote  the n o n s t a t i o n a r y  and q u a s i s t a t i o n a r y  r e su l t an t  n o r m a l  p r e s s u r e  f o r c e s  of the s t r e a m  on 
the p ro f i l e  L~ r e spec t i ve ly ;  Nk is the n u m b e r  of d i s c r e t e  vo r t i ce s  model ing  --L~k (k = 1, 2)~ The quant i t ies  
h / u  and phu 2, r e s p e c t i v e l y ,  a re  taken as the unit of t ime and fo rce  (p is the fluid densi ty) .  

1. The ca sc a de  s t a g g e r  angles  a re  fll = v / 4 ,  f12 = --~/4,  the gap be tween the c a s c a d e s  is A = 0.1 h,  the 
ve loc i ty  is  Vt=  (0o7U cos 40 ~ 0~ sin 40~ the t ime spac ing  is At = 1 /32 ,  and the p a r a m e t e r s  a re  N 1 = 20, N 2 = 
40, ~ = 1o The computed  shape of the vor tex  wakes  p r e s e n t e d  in Fig .  1 f o r  the t ime t = 3 ind ica tes  that the 
wake of  the f i r s t  c a s c a d e  Lwl expe r i ences  tension and s t r a in  n e a r  the p rof i l es  of the second  c a s c a d e ,  while the 
wake Lw2 is p r a c t i c a l l y  without s t ra in~ The ends of  the s l i t  pa r t s  of the wake Lwl d ive rge .  The d e s c r i b e d  
s ingu la r i t i e s  of the vo r t ex  wake mot ion  agree  with [1-4]. 

The t ime dependence  of the nons t a t i ona ry  Puk and quas i s t a t i ona ry  Pqk f o r c e s  is p r e s e n t e d  in F i g s .  2 and 
3~ The b e h a v i o r  of  these f o r c e s  d i f fe r s  no t iceab ly ,  e spec i a l l y  on the second  c a s c a d e .  It should be noted that 
an analogous va r ian t  of the i n t e r f e r e n c e  between c a s c a d e s  cons i t ing  of s y m m e t r i c  5% thick sol id  p ro f i l e s  has  
been computed  in [4]. It is  indicated in that p a p e r  that  the m e a n  value of  the quant i t ies  I Pul I and I'~iPu2:I p e r  
per iod  is 0~ and 0~ r e s p e c t i v e l y .  These  da ta  do not agree  s a t i s f a c t o r i l y  with Figs~ 2 and 3~ 

2= The  s t a g g e r  angles  a re  fi�94 = 0, fi2 = - ~r/6, the gap is A = 0o2h, the v e l o c i t y i s  ~ = (7~ 0.129u); 
the t ime spac ing  is At = 1/64, and the p a r a m e t e r s  a re  N 1 = N 2 = 20, ~ = 1. In this case ,  the con t r a s t  in the 
behav io r  of the nons t a t i ona ry  and q u a s i s t a t i o n a r y  r eac t i ons  is negl igible  (Figs .  4 and 5)= Upon c o m p a r i n g  
Figs~ 3 and 5, the impor t ance  Of the d i m e n s i o n l e s s  p a r a m e t e r  u/V~x, the analog of the Strouhal  n u m b e r  in this 
p rob l em,  b e c o m e s  c l e a r .  

The au thor  is  g ra t e fu l  to D. H. Gore lov  f o r  d i s c u s s i n g  the r e s e a r c h ~  
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B O U N D A R Y  L A Y E R  O N  A R O T A T I N G  C Y L I N D E R  I N  A X I A L  F L O W  

G .  u  P e t r o v  UDC 532.526 

A s e m i i n f i n i t e  ho l low c y l i n d e r  of r a d i u s  R i s  r o t a t i n g  about  i t s  own axis  at an a n g u l a r  v e l o c i t y  w, and an  
i n c o m p r e s s i b l e  l iquid  f lows a round  i t  in  u n i f o r m  f low at a v e l o c i t y  tl~. The f low is  a s s u m e d  to be l a m i n a r  and 
a x i s y m m e t r i c a l o  The v a r i a b l e s  

s = [~ ;  ~l = ( r~" - -  R ~ ) / 2 ~ R ~ ;  

'U2 ,~ = ~ l u = ~ R z ;  w = w * h o R ;  p = ( p *  - -  p = ) l p  

a r e  u s e d  to s o l v e d  the  p r o b l e m ,  w h e r e  

(1) 

(2) 

and 7? a r e  ana logous  to the  v a r i a b l e s  p r o p o s e d  in  [2] f o r  the  c a s e  of  a n o n r o t a t i n g  c y l i n d e r ;  ~ i s  the s t r e a m  
func t ion ,  which  i s  de f ined  by  the r e l a t i o n s  u * = ~ r / r  and v* = - r  x i s  the d i s t a n c e  f r o m  the  o r i g i n  of  the 
c y l i n d e r  a long the g e n e r a t i n g  l ine ;  r i s  the d i s t a n c e  to the axis  of the c y l i n d e r ;  u * ,  v* ,  and w* a r e  the l o n g i -  
tud ina l ,  r a d i a l ,  and c i r c u m f e r e n t i a l  c o m p o n e n t s  of the ve loc i t y ;  p* i s  the p r e s s u r e ;  p~ i s  the p r e s s u r e  in  the  
advanc ing  flow; p i s  the d e n s i t y  of  the l iquid;  and v i s  the k i n e m a t i c  modu lus  of v i s c o s i t y .  F r o m  h e r e  on an 
i ndependen t  v a r i a b l e  which a p p e a r s  as  a s u b s c r i p t  de no t e s  d i f f e r e n t i a t i o n  with r e s p e c t  to i t .  The  r e l a t i o n  u * /  
u ~  = u = ~ ?  . is  va l id  fo r  the l ong i tud ina l  v e l o c i t y  c o m p o n e n t .  

In the  d y n a m i c a l  equa t ions ,  t e r m s  of the o r d e r  (REX) -1 = v / u ~ x  a r e  d i s c a r d e d ,  i . e . ,  an a p p r o x i m a t i o n  to 
the  bounda ry  l a y e r  i s  u s e d ,  

2(~r - -  r + ~lP,1 - -  sp~ = s (~nr  ~ - -  %qvnn); 
2(awn), 1 + q w,~ § (~/~)(r - -  ~lq~ + s% - -  2Dw = s (%~w~ - -  %u,,~), 

p ~  = sw~'/~,  ~ = 1 + 2 ~ 1 .  

~3) 

The f low a round  the  e x t e r i o r  s u r f a c e  i s  i n v e s t i g a t e d ,  and the b o u n d a r y  cond i t i ons  a r e  of  the f o r m  

r = (P = 0, W = i whenl] ---- 0; 

q~n=0 ,  w = p = 0  as ~1-+oo.  (4) 

The c a s e  in which the r a t i o  of the t h i c k n e s s  of  the b o u n d a r y  l a y e r  to the r a d i u s  of the  c y l i n d e r  i s  s m a l l ,  
i~  ~ << 1, i s  of s p e c i a l  i n t e r e s t .  A l i m i t i n g  t r a n s i t i o n  i s  p o s s i b l e  in Eqs .  (3) as ~ ~ 0 (or as  /3 -* ~o) 

2 u , ~ ,  + ~ w n  = s ( r  - -  % w n ) ,  p n  = s w  2. (5) 
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